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. . . Abstract. Let 6 be a i3MO-function. It is well-known that the linear com- 

mutator [b, T] of a Calderon-Zygmund operator T does not, in general, map 
continuously ^^(R") into L^{M."). However, Perez showed that if iJi(R") 
I is replaced by a suitable atomic subspace H^(R") then the commutator is 

^ ■ continuous from Hj(R" ) into L^(R"). In this paper, we find the largest sub- 

^ I space -ff^(R") such that all commutators of Calderon-Zygmund operators 

are continuous from i?^(R") into i^(R"). Some equivalent characteriza- 
\^ \ tions of i/^(R") are also given. We also study the commutators [b,T] for 

T in a class K. of sublinear operators containing almost all important op- 
erators in harmonic analysis. When T is linear, we prove that there exists 
a bilinear operators *H — $Ht mapping continuously i?^(R") x BMO{M.") 
into Li(R") such that for all (/, 6) e H^(R") x BMO{W), we have 



< 



(1) [6,r](/) = 5H(/,6)+T(6(/,6)), 

where S is a bounded bilinear operator from iJ^(R") x BMO{M.") into 
L^(R") which does not depend on T. In the particular case of T a Calderon- 
Zygmund operator satisfying Tl = T*l = and b in BMO'°s(R")- the 
generalized BAIO type space that has been introduced by Nakai and Yabuta 
! to characterize multipliers of _BAfO(R") -we prove that the commutator 

> ■ [6,T] maps continuously H^{W) into h^{W^). Also, if b is in BMO(R") 

and T*l = T*b = 0, then the commutator [b, T] maps continuously 77jJ(R") 
into H^{M.'^). When T is sublinear, we prove that there exists a bounded 
(3 ; subbilinear operator <n = 5Ht : i?^(R") x SMO(R") ^ ^^(R") such that 

^ ■ for aU (/, b) e i/i(R") x SMO(R"), we have 

(2) \Tie{f,b))\-mif,b)<\[b,T]if)\<D\{f,b) + \T{&if,b))\- 
The bilinear decomposition ([1]) and the subbilinear decomposition ([2]) al- 
low us to give a general overview of all known weak and strong L^-estiniates. 



00 



X 



1. Introduction 

Given a function b locally integrable on R"-, and a Calderon-Zygmund opera- 
tor T, we consider the linear commutator [b, T] defined for smooth, compactly 
supported functions / by 

[b,T]{f) = bT{f)-T{bf). 
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A classical result of R. Coifman, R. Rochberg and G. Weiss (see [ID]), states 
that the commutator [b,T] is continuous on L^(M") for 1 < p < oo, when 
b G BMO{M."'). Unlike the theory of Calderon-Zygmund operators, the proof 
of this result does not rely on a weak type (1, 1) estimate for [b, T]. In fact, it 
was shown in [38] that, in general, the linear commutator fails to be of weak 
type (1, 1), when b is in BMO{M.^). Instead, an endpoint theory was provided 
for this operator. It is well-known that any singular integral operator maps 
H^lMP') into L^(]R"). However, it was observed in [SU] that the commutator 
[b, H] with b in BMO{M.), where H is Hilbert transform on M, does not map, 
in general, H^(R) into L^(M). Instead of this, the weak type estimate {H^, L}) 
for [&, T] is well-known, see for example |27l [321 US]. Remark that intuitively 
one would like to write 

oo oo 

[6, T](/) = - bB,)T{a,) - t( 5^ A,(6 - fo^Ja,) , 

i=i j=i 

where / = Yl'jLi ^j^j a atomic decomposition of / and bs^ the average of b on 
Bj. This is equivalent to ask for a commutation property 

oo oo 

(1.1) Y.^,bB,na,)=T(j^\bB,a^. 

3=1 i=i 

Even if most authors, for instance in[271[32lll3lll5l|25lll2l|26], imphcitely 
use (11. ip . one must be careful at this point. Indeed, the equality (II. ip is not 
clear since the two series ^jbsjT^aj) and Yl'jLi ^j^BjCij are not yet well- 

defined, in general. We refer the reader to [0], Section 3, to be convinced that 
one must be careful with Equality (II. ip . 

Although the commutator [b, T] does not map continuously, in general, 
H^{W^) into L^(]R"), following Perez [38] one can find a subspace 'H^(]R"') 
ofH^R"") such that [b,T] maps continuously 'Hl(R'^) into ^^(R"). Recall that 
(see [38]) a function a is a 6-atom if 

i) supp a C Q for some cube Q, 

ii) llallicx, < IQTS 

iii) a{x)dx = a{x)b{x)dx = 0. 

The space 'H^(M") consists of the subspace of L^(M") of functions / which 
can be written as / = Yl'jLi where aj are 6-atoms, and Xj are complex 
numbers with YlJLi \ < oo. 

In [3B] the author showed that the commutator [6, T] is bounded from 
HliW) into Li(R") by establishing that 

(1.2) sup{|| [6, T](a)||j;^i : ais a 6— atom} < oo. 

This leaves a gap in the proof which we fill here (see below). Indeed, as it is 
pointed out in [B], there exists a linear operator U defined on the space of all 
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finite linear combination of (1, oo)-atoms satisfying 

sup{||f/(a) IIj^i : ais a (1, oo)— atom} < oo, 

but which does not admit an extension to a bounded operator from H^(R"') 
into L^(M"'). From this result, we see that Inequality (11 ■2p does not suffice to 
conclude that [b,T] is bounded from 'H^(R") into L^(M"). In the setting of 
H^{W), it is well-known (see IM] or jH] for details) that a linear operator U 
can be extended to a bounded operator from if^(M") into L^(]R"') if for some 
1 < g < oo, we have 

sup{||f/(a)||ii : ais a(l,g)— atom} < oo. 

It follows from the fact that the finite atomic norm on H^^iR"") is equivalent 
to the standard infinite atomic decomposition norm on H^ll{R") through the 
grand maximal function characterization of H^{W^). However, one can not use 
this method in the context of UKR"). 

Also, a natural question arises: can one find the largest subspace of if^(]R") 
(of course, this space contains ^^^(M"), see also Theorem I5.2p such that all 
commutators [b, T] of Calderon-Zygmund operators are bounded from this 
space into L^(]R")? For b G BMO{W^), a non-constant function, we con- 
sider the space H^iM."") consisting of all / G H^{R"') such that the (sublin- 
ear) commutator [&, of / belongs to L^(]R") where DJl is the nontangential 
grand maximal operator (see Section 2). The norm on if{J(R") is defined by 
11/11^1 := ||/||//i||&||ba/o + Here we just consider 6 is a non- 

constant i?MO-function since the commutator [b, T] = if 6 is a constant 
function. Then, we prove that [6,T] is bounded from Hl{W^) into ^^(IR") 
for every Calderon-Zygmund singular integral operator T (in fact it holds for 
all T G /C, see below). Furthermore, if^^(]R") is the largest space having this 
property (see Remark l5. II) . This answers the question above. Besides, we also 
consider the class /C of all sublinear operators T, bounded from H^[W^) into 
L^(R"'), satisfying the condition 

Ub-bQ)Ta\\Li<C\\b\\BMo 

for all SMO-function b, H^-aXom a related to the cube Q. Here bg de- 
notes the average of b on Q, and C > is a constant independent of b, a. 
This class K, contains almost all important operators in harmonic analysis: 
Calderon-Zygmund type operators, strongly singular integral operators, multi- 
plier operators, pseudo-differential operators, maximal type operators, the area 
integral operator of Lusin, Littlewood-Paley type operators, Marcinkiewicz 
operators, maximal Bochner-Riesz operators, etc... (See Section 4). When 
T is linear and belongs to JC, we prove that there exists a bounded bilin- 
ear operators = ■ H^{R'^) x BMO(W") -> L\W") such that for all 
(/, 6) G iJ^(M") X BMOlMJ^), we have the following bilinear decomposition 

(1-3) [6,T](/) = $H(/,6)+r(©(/,&)), 
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where 6 is a bounded bilinear operator from if^(R") x BMOiW^) into L^(M") 
which does not depend on T (see Section 3). This bihnear decomposition is 
strongly related to our previous result in [4J on paraproduct and product on 
H^R-^) X SMO(M"). 

We then prove that [b, T] is bounded from H^{W^) into L^(M") (see Theorem 
I3.3p via Bilinear decomposition (11. 3p (see Theorem I3.2p and some characteri- 
zations of Hl{W^) (see Theorem 15 .ip . Furthermore, by using the weak conver- 
gence theorem in if^(M") of Jones and Journe, we prove that ^/^(IR") C i/^(]R") 
(see Theorem I5.2p . These allow us to fill the gap mentioned above in [38j . 

On the other hand, as an immediate corollary of Bilinear decomposition 
fll.3p . we also obtain the weak type estimate (if^, L^) for the commutator [b, T], 
where T is a Calderon-Zygmund type operator, a strongly singular integral op- 
erator, a multiplier operator or a pseudo-differential operator. We also point 
out that weak type estimates and Hardy type estimates for the (linear) com- 
mutators of multiplier operators and of strongly singular Calderon-Zygmund 
operators have been studied recently (see [23 112] for the multiplier opera- 
tors and [2S] for strongly singular Calderon-Zygmund operators). 

Next, two natural questions for Hardy- type estimates of the commutator 
[b,T] arised: when does [b,T] map H^{M."') into h^(R"') and when does [b,T] 
map Hl{W) into H\W^)7 

This paper gives two sufficient conditions for the above two questions. Recall 
that BMO^°^{M.'^) -the generalized BMO type space that has been introduced 
by Nakai and Yabuta [37] to characterize multipliers of BMO{W^)- is the space 
of all locally integrable functions / such that 



We obtain that if T is a Calderon-Zygmund operator satisfying Tl = T*l = 
and b is in i?MO^°^(M"), then the linear commutator [b, T] maps continuously 
if^(M") into h^[M.^). This gives a sufficient condition to the first problem. For 
the second one, we prove that if T is a Calderon-Zygmund operator satisfying 
T*l = T*b = and b is in BMOIM."-), then the linear commutator [b,T] maps 
continuously //^(M") into i7^(M"). 

A difficult point to prove the first result is that we have to deal directly with 
/ G H^(W^). It would be easier to do it for atomic type Hardy spaces as in 
the case of 'H^(M"'). However, we do not know whether there exists an atomic 
characterization for the space H^{W^). This is stiU an open question. 

Let X be a Banach space. We say that an operator T : X — )■ L^(M") is a 
sublinear operator if for all f,g & X and a, /3 G C, we have 




B{a,r) 



T{af + /3g){x)\ < \a\\Tf{x)\ + |/3||T^(x)|. 
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Obviously, a linear operator T : X — ?► L^(M") is a sublinear operator. We also 
say that a operator T : H\W')xBMO(W'') L\W) is a subbilinear operator 
if for all {f,g) e i/i(M") x 5M0(M") the operators T(/, ■) : SMO(M") 
Li(R'^) and 1{-,g) : i/^(M") ^ ^^(M") are sublinear operators. 

In this paper, we also obtain the subbilinear decomposition for sublin- 
ear commutator. More precisely, when T G /C is a sublinear operator, we 
prove that there exists a bounded subbilinear operator 5^ = DIt '■ H^{W^) x 
SMO(M") Li(M") so that for all (/, 6) G H\R'^) x 5M0(M"), we have 

(1.4) \T{&{f,b))\ - DiU\b) < \[b,T]{f)\ < Di{f,b) + \T{&{f,b))\. 

Then, the strong type estimate {H^, L^) and the weak type estimate {H^, L^) of 
the commutators of Littlewood-Paley type operators, of Marcinkiewicz opera- 
tors, and of maximal Bochner-Riesz operators, can be viewed as an immediate 
corollary of (11.41) . When HliW") is replaced by 'H^(M"'), these type of estimates 
have also been considered recently (see for example [2S1 El E31 EDI ED 1^)- 

Let us emphasize the three main purposes of this paper. First, we want 
to give the bilinear (resp., subbilinear) decompositions for the linear (resp., 
sublinear) commutators. Second, we find the largest subspace of H^iW^) such 
that all commutators of Calderon-Zygmund operators map continuously this 
space into L^(M"). Finally, we obtain the {Hi, h^) and {Hi, H^) type estimates 
for commutators of Calderon-Zygmund operators. 

Our paper is organized as follows. In Section 2 we present some notations 
and preliminaries about the Calderon-Zygmund operators, the function spaces 
we use, and a short introduction to wavelets, a useful tool in our work. In 
Section 3 we state our two decomposition theorems (Theorem 13.11 and Theorem 
13.21) . the {Hl,L^) type estimates for commutators (Theorem 13.31) . and some 
remarks. The bilinear type estimates for commutators of Calderon-Zygmund 
operators (Theorem 13. 4p and the boundedness of commutators of Calderon- 
Zygmund operators on Hardy spaces are also given in this section. In Section 

4 we give some examples of operators in the class K, and recall our result 
from [1] which decomposes a product of / in H^{MJ^) and g in 5M0(]R") as 
a sum of images by four bilinear operators defined through wavelets. These 
operators are fundamental for the two decomposition theorems. In Section 

5 we study the space Hl{M"'). Section 6 and 7 are devoted to the proofs of 
the two decomposition theorems, the {Hl,L^) type estimates of commutators 
[6, T] with T G /C, and the boundedness results of commutators of Calderon- 
Zygmund operators. Finally, in Section 8 we present without proofs some 
results for commutators of fractional integrals. 

Throughout the whole paper, C denotes a positive geometric constant which 
is independent of the main parameters, but may change from line to line. In 
we denote by Q = Q[x,r] := {y = (?/i, ...,|/„) G : supi<i<„ \yi-Xi\ < r} 
a cube with center ) and radius r > 0. For any measurable set 

E, we denote by xe its characteristic function, by its Lebesgue measure. 
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and by E'^ the set M" \ E. For a cube Q and / a locally integrable function, 
we denote by /q the average of / on Q. 

Acknowledgements. The author would like to thank Prof. Aline Bonami 
for many very valuable suggestions, discussions and advices to improve this 
paper. Specially, Theorem 13.61 is a improvement from the previous version 
through her ideas. He would also like to thank Prof. Sandrine Grellier for 
many helpful suggestions, her carefully reading and revision of the manuscript. 
The author is deeply indebted to them. 



2. Some preliminaries and notations 

As usual, iS(M") denotes the Schwartz class of test functions on M", 5'(M") 
the space of tempered distributions, and C^(M"') the space of C°°-functions 
with compact support. 

2.1. Calderon-Zygmund operators. Let 5 E (0,1]. A continuous function 
K : X M" \ : x € M"} C is said to be a 5-Calder6n-Zygmund 

singular integral kernel if there exists a constant C > such that 



\K{x,y)\ < 



C 



\x - y\ 



for all X 7^ and 

\K{x,y) - K{x',y)\ + \K{y,x) - K{y,x')\ < C- 



\x — x'\^ 
X - 1/1"+'^ 



for all 2\x — x'\ < \x — y\. 

A linear operator T : iS(]R") — i- 5'(]R") is said to be a 5-Calder6n-Zygmund 
operator if T can be extended to a bounded operator on L'^iW') and if there 
exists a 5-Calder6n-Zygmund singular integral kernel K such that for all / G 
C^(M") and all x ^ supp /, we have 

Tf{x)= [ Kix,y)f{y)dy. 



We say that T is a Calderon-Zygmund operator if it is a ^-Calderon-Zygmund 
operator for some 6 G (0, 1]. 

We say that the Calderon-Zygmund operator T satisfies the condition T*l = 
(resp., Tl = 0) if J^„Ta{x)dx = (resp., J^„T*a{x)dx = 0) holds for 
all classical if^-atoms a. Let 6 be a locally integrable function on R". We 
say that the Calderon-Zygmund operator T satisfies the condition T*b = if 
/jg„ b{x)Ta{x)dx = holds for all classical if^-atoms a. 
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2.2. Function spaces. We first consider tlie subspace A of iS(]R") defined by 

A=[<pe S{W) : |0(x)| + |V0(x)| < (1 + 

wliere V = {d/dxi, ...,d/dxn) denotes tlie gradient. We tlien define 

:= sup sup \f*(ptiy)\ and m/(x) := sup sup |/*0t(l/)|, 

^€A\y-x\<t <j>eA\y-x\<t<l 

where (f)t{-) = t^"'<f){t^^-). Tlie space iJ^(]R") is the space of all tempered distri- 
butions / such that 9Jt/ G L^(R") equipped with the norm ||/||_h-i = 
The space h^(W^) denotes the space of all tempered distributions / such that 
m/ e L^(R'^) equipped with the norm = ||m/||Li. The space 

(see [23111]) denotes the space of all tempered distributions / such that DJlf G 
^log^^n) equipped with the norm = IIWIIli^s- Here Li°s(M") is the 

space of all measurable functions / such that iog(e+|a:|)+iog(e+|/(x)|) '^'^ ^ ^ 
with the (quasi-)norm 

{/■ LfM 1 

log(e+ +log(e + ^) J 

Clearly, for any / G if^(]R"), we have 

ll/IUi < ll/bi and ||/||h.o. < 11/^1. 

We remark that the local real Hardy space h^{W^), first introduced by Gold- 
berg [18], is larger than iJ^(M'^) and allows more flexibility, since global can- 
cellation conditions are not necessary. For example, the Schwartz space is 
contained in /i^(]R") but not in H^{W^), and multiplication by cutoff functions 
preserves /i-^(]R") but not H^{W^). Thus it makes /i-'^(]R") more suitable for 
working in domains and on manifolds. 

It is well-known (see [I5] or [IQ]) that the dual of H^{W) is BMO{W) the 
space of all locally integrable functions / with 

UWbmo ■= sup 1^ J \f{x) - fsldx < oo, 

B 

where the supremum is taken over all balls B. We note Q := [0, 1)" and, for / 
a function in SMO(M"), 

UWbmo^ := ||/||bmo + |/q|. 

We should also point out that the space iJ'°s(R"') arises naturally in the 
study of pointwise product of functions in if^(]R") with functions in i?MO(M"), 
and in the endpoint estimates for the div-curl lemma (see for example [Sj HJ 

m)- 
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In [IH] it was shown that the dual of /i^(]R") can be identified with the space 
bmo{W^), consisting of locally integrable functions / with 



bmo 



t4t / ~ fB\dx+ sup -^7 / \ f{x)\dx < oc, 

\B\<1 J \B\>1 |-d| J 



B B 

where the supremums are taken over all balls B. 
Clearly, for any / G 6mo(]R"'), we have 

II/IIbmo < ||/||ba/o+ < C\\f\\ 

bmo- 

We next recall that the space V"MO(M"') (resp., vmo(R"')) is the closure of 
C~(M") in (5M0(M"), II ■ Wbmo) (resp., (6mo(M"), || ■ \\bmo))- It is well-known 
that (see [H] and [II]) the dual of VMO{W) (resp., vmo{R'')) is the Hardy 
space H^iR"") (resp., /^^(M")). We point out that the space 1/M0(M") (resp., 
vmo{W^)) considered by Coifman and Weiss (resp., Dafni [11]) is different from 
the one considered by Sarason. Thanks to Bourdaud [5], it coincides with the 
space VMO(M."') (resp., fmo(M")) considered above. 

In the study of the pointwise multipliers for BMOIM."'), Nakai and Yabuta 
[27] introduced the space BMO^°^{M."'), consisting of locally integrable func- 
tions / with 

II /II |logr| +log(e+ |a|) /" , ^ . ^ 

||/||sMOi°g := sup — / \f{x) - tB(a,r)\dx < OO. 

B{a,r) J 

B{a,r) 

There, the authors proved that a function g is a pointwise multiplier for 
EMO(M") if and only if g belongs to L°°(M") n BMO^"^(R''). Furthermore, 
it is also shown in |23j that the space BMO^°^{W^) is the dual of the space 
i7i°g(R"). 

Definition 2.1. Let b be a locally integrable function and 1 < g < oo. A 
function a is called a {q,b)-atom related to the cube Q if 

i) supp a (Z Q, 

ii) ||a||L. < 

Hi) /jg„ a{x)dx = a{x)b{x)dx = 0. 

The space 'H^''^(M") consists of the subspace of L-'^(]R") of functions / which 
can be written as / = YlJLi^j^^j^ where a/s are (g, 6)-atoms, Xj G C, and 
YllLi l-^il < OO. As usual, we define on 'H^'''(M") the norm 



n 



OO 

1,9 := inf 



OO OO 



1 j=l 

l,oo / 



Observe that when g = oo, then the space 'H^'°°(M") is just the space 'H^(]R") 
considered in l38]. Furthermore, ?/^'°°(M") C HI''^{W) C H\W) and the 
inclusions are continuous. 

We next introduce the space if^(M") as follows. 
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Definition 2.2. Let b be a non-constant BMO-function. The space if^(M") 
consists of all f m H\W) such that [b,m\{f){x) = m{b{x)f{-) - b{-)f{-)){x) 
belongs toL^{W). We equipped Hi {W) with the norm ||/||^i := ||6||smo+ 
\\[bm{f)\W. 

2.3. Prerequisites on Wavelets. Let us consider a wavelet basis of M with 
compact support. More explicitly, we are first given a C^(M)-wavelet in Di- 
mension one, called if)^ such that {2^/'^il){2^x — k)}j^kez form an basis. 
We assume that this wavelet basis comes for a multiresolution analysis (MRA) 
on M, as defined below (see [35j). 

Definition 2.3. A multiresolution analysis (MRA) on M is defined as an in- 
creasing sequence {Vj}j^z of closed subspaces of L^{M.) with the following four 
properties 

^) a« yj = {0} and [J^, = L^{R), 

a) for every f G L^(R) and every j G Z, f{x) G Vj if and only if f{2x) G 

Hi) for every f G L^(R) and every A; G Z, f{x) G Vq if and only if f{x~k) G 
Vo, 

iv) there exists a function (j) G L^(]R), called the scaling function, such that 
the family {<pk{x) = 0(x — A;) : A; G Z} is an orthonormal basis for Vo- 
lt is classical that, given an (MRA) on M, one can find a wavelet ip such that 
{2J'/2^(2^x-A;)}feez is an orthonormal basis of Wj , the orthogonal complement 
of Vj in Vj^i. Moreover, by Daubechies Theorem (see [12]), it is possible to 
find a suitable (MRA) so that and ip are C^(M) and compactly supported, ip 
has mean and J xip{x)dx = 0, which is known as the moment condition. We 
could content ourselves, in the following theorems, to have and ip decreasing 
sufficiently rapidly at oo, but proofs are simpler with compactly supported 
wavelets. More precisely we can choose m > 1 such that and ip are supported 
in the interval l/2 + m(— 1/2, +1/2), which is obtained from (0, 1) by a dilation 
by m centered at 1/2. 

Going back to MJ^, we recall that a wavelet basis of M" is constructed as 
follows. We call E the set E = {0, 1}" \ {(0, ■ ■ ■ ,0)} and, for a e E, put 
ijj'^lx) = 4>'^^{xi) ■ ■ ■(j)""{xn), with (p^^ixj) = 4>{xj) for aj = while 4>'^^{xj) = 
ip{xj) for aj = 1. Then the set {2"^/2^'^(2-'x-A;)}jgz^ 

fcgZ",cre-E is an orthonormal 
basis of L^(]R"). As it is classical, for / a dyadic cube of M", which may be 
written as the set of x such that 2^x — A; G (0, 1)*^, we note 

^'/(x) = 2"^'/V(2^'a;-A;). 

We also note 07- = 2"-'/^0(o,i)n(2''x — k), with 0(o,i)" the scaling function in 
n variables, given by 0(o,i)"(a;) = 0(xi) ■ ■ ■0(x„). In the sequel, the letter / 
always refers to dyadic cubes. Moreover, we note kl the cube of same center 
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dilated by the coefficient k. Because of the assumption on the supports of (f) 
and ip, the functions ipi and 0/ are supported in the cube ml. 

The wavelet basis {ipj}, obtained by letting / vary among dyadic cubes and 
a in E, comes from an (MRA) in M", which we still note {V^ jjez, obtained by 
taking tensor products of the one-dimensional ones. 

The following theorem gives the wavelet characterization of i^^(R") (cf. 

Theorem 2.1. There exists a constant C > such that f G H^(M"') if and 
onlytfW^f:= (E/ E.gij l(/,^7)l'l^r'x/)'^' e ^^(M"), moreover, 

C-'\\f\\m < \mf\W<C\\f\\H^. 

A function a G L^(R") is called a ip-aXom. related to the (not necessarily 
dyadic) cube R if it may be written as 

with ||a||L2 < Remark that a is compactly supported in mR and has 

mean 0, so that it is a classical atom related to mi?, up to the multiplicative 
constant m"/^. It is standard that an atom is in ii^(M") with norm bounded 
by a uniform constant. The atomic decomposition gives the converse. 

Theorem 2.2 (Atomic decomposition). There exists a constant C > such 
that all functions f G H^(W^) can be written as the limit in the distribution 
sense and in H^{W^) of an infinite sum 

oo 

with aj i/j-atoms related to some dyadic cubes Rj and Xj constants such that 

oo 

C-'\\f\\m<Y.\^,\<C\\f\\Hr. 
i=i 

This theorem is a small variation of a standard statement which can be 
found in [21j, Section 6.5. Remark that the interest of dealing with finite 
atomic decompositions has been underlined recently, for instance in [MII23] . 

Now, we denote by iigj^(R"') the vector space of all finite linear combinations 
of V'-atoms, that is, 

k 
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where Oj's are ?/^-atoms. Then, the norm of / in ifgj^(M") is defined by 



inf 



fln 



By the atomic decomposition theorem, the set i7gjj(M"') is dense in H^{W^) 
for the norm || ■ 

The following two wavelet characterizations of L^(R"), 1 < p < oo, and 
BMO(W") are well-known (see [35]). 

Theorem 2.3. Let 1 < p < oo. Then the norms 



I a€E I aeE 

are equivalent on L^(]R"). 

Theorem 2.4. A function g E BMO{M."') if and only if 



' ' ICRaeE 



for all (not necessarily dyadic) cubes R. Moreover, there exists a constant 
C >0 such that for all g G SMO(M"), 

C-'Mbmo < sup (^EEl(^'^^')l')'^' ^ CMbmo, 
^ ' ' icRo-eE 

where the supremum is taken over all cubes R. 

By Theorem 12.3^ Theorem 12.41 and John-Nirenberg inequality, we obtain the 
following lemma. The proof is easy and will be omitted. 

Lemma 2.1. Let f be a ip-atom related to the cube R and b G BMOIMJ^) . 
Then, Y.icRT..^E{f^ri){h,ri){rif e for any q G (1,2). 

3. Bilinear, subbilinear decompositions and commutators 

Recall that /C is the set of all sublinear operators T bounded from if^(]R") 
into L^(R") satisfying 

\\{b-bQ)Ta\\L^<C\\b\\BMO, 

for all b G -BMO(]R"), any if^-atom a supported in the cube Q, where C > 
a constant independent of 6, a. This class /C contains almost all important 
operators in harmonic analysis: Calderon-Zygmund type operators, strongly 
singular integral operators, multiplier operators, pseudo-differential operators, 
maximal type operators, the area integral operator of Lusin, Littlewood-Paley 
type operators, Marcinkiewicz operators, maximal Bochner-Riesz operators, 
etc... (See Section 4). 
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Here and in what follows the bilinear operator & is defined by 

I creE 

In the authors show that © is a bounded bilinear operator from if ^(M") x 
BMO{W) into Li(M"). 

3.1. Two decomposition theorems and {Hl,L^) type estimates. Let h 

be a locally integrable function and T G /C. As usual, the (sublinear) commuta- 
tor [6, T] of the operator T is defined by [6, T]{f){x) := T^(6(a;) — j (x). 

Theorem 3.1 (Subbilinear decomposition). LetT G /C. There exists a bounded 
suhhilmear operator 9^ = 9^^: H^{W) x BMO{W) L^{W) such that for 
all {f,b) e H\W^) X 5M0(M"), we have 

\T{&{f,b))\-m{f,b) < |[6,T](/)| < $H(/,6) + \T{&{f,b))\. 

Corollary 3.1. Let T E IC be such that T is of weak type (1, 1). Then, the 
bilinear operator ^{f ^ g) = [g,T]{f) maps continuously H^{W^) x BMO{W^) 
into weak-L^{MJ^) . In particular, the commutator [b,T] is of weak type {H^,L^) 
if be 5M0(M"). 

We remark that the class of operators T G /C of weak type (1, 1) contains 
Calderon-Zygmund operators, strongly singular integral operators, multiplier 
operators, pseudo-differential operators whose symbols in the Hormander class 
S^s with 0<^<l,0<5<l,m< -n((l - g)/2 + max{0, (5 - g)/2}), 
maximal type operators, the area integral operator of Lusin, Littlewood-Paley 
type operators, Marcinkiewicz operators, maximal Bochner-Riesz operators T^ 
with S > {n- l)/2, etc... 

When T is linear and belongs to /C, we obtain the bilinear decomposition 
for the linear commutator [b,T] of /, [6, T](/) = bT{f) — T{bf), instead of the 
subbilinear decomposition as stated in Theorem 13. 1[ 

Theorem 3.2 (Bilinear decomposition). Let T be a linear operator in K,. 
Then, there exists a bounded bilinear operator^i = DIt '■ H^{M."')xBMO(W^) — 
Li(M") such that for all {f,b) G H\R'^) x SMO(M"), we have 

[b,T]{f) = D\{f,b)+T{&{f,b)). 

The following result gives (if^, L^)-type estimates for commutators [b,T] 
when T belongs to the class /C. 

Theorem 3.3. Let b be a non-constant BMO-function and T G /C. Then, the 
commutator [b,T] maps continuously if^(R") into L^lW"'). 

Remark that in the particular case of T a l-Calderon-Zygmund operator 
and Hl{W) replaced by nHW), Perez [31] proved 

(3.1) sup{|| [6, T](a)||ii : ais a (oo,6)— atom} < oo. 
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Then he concludes that the (hnear) commutator [b, T] maps continuously 
nl{W) into Li(M"). Notice that nl{W) C Ul'^W) C H^i^^), 1 < g < oo, 
and the inclusions are continuous (see Section 5). However, as mentioned in 
the introduction, Inequality (13.1 p does not suffice to conclude that the (lin- 
ear) commutator [b,T] is bounded from 'H^(M") to L^(M'*). We should also 
point out that the {H^,L^) weak type estimates and the {l-i\,L^) type esti- 
mates for the (linear) commutators of multiplier operators (see [l5l |25| 112]), 
strongly singular Calderon-Zygmund operators (see [26]) and for the (sublin- 
ear) commutators of Littlewood-Paley type operators (see [2H]), Marcinkiewicz 
operators (see [33]), maximal Bochner-Riesz operators (see [301 EU fSQ]) have 
been studied recently. However, the authors just prove Inequality (11. 2p (that 
is Inequality (13. ip ) and use Equality (II. ip which leaves a gap as pointed out 
in the introduction. 

3.2. Boundedness of linear commutators on Hardy spaces. Analo- 
gously to Hardy estimates for bilinear operators of Coifman and Grafakos 
([S]; see also [E]), we obtain the following strongly bilinear estimates which 
improve Corollary 13.11 

Theorem 3.4. Let T he a linear operator in K. Assume that Ai, Bi, i = 
1,...,K, are Calderon-Zygmund operators satisfying A^l = A*l = Bil = 
B*l = 0, and for every f and g in L^(R"), 



maps continuously H^iW) x BMO{W) mto Li(M"). 

We now give a sufficient condition for the linear commutator [b, T] to map 
continuously HliR"") into h\R'^). 

Theorem 3.5. Letb be a non- constant BMO^°^- function andT he a Calderon- 
Zygmund operator with Tl = T*l = 0. Then, the linear commutator [b,T] 
maps continuously i/^^(]R") into h^{W^). 

The last theorem gives a sufficient condition for the linear commutator [b, T] 
to map continuously Hl(R.^) into H^{W^). 

Theorem 3.6. Let b he a non-constant BMO-function and T he a Calderon- 
Zygmund operator with T*l = T*b = 0. Then, the linear commutator [b,T] 
maps continuously iJ^(]R") into iJ^(]R"). 




Then, the bilinear operator %, defined by 

K 



%{f,g) = J2[Bi9,T]{AJ), 



i=l 
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Observe that the condition T*b = is "necessary" in the sense that if 
the hnear commutator [b,T] maps continuously Hl{W^) into H-^lW^), then 
J^„ b{x)Ta{x)dx = holds for all (g, 6)-atoms a, 1 < g < oo. 

Also, let us give some examples to illustrate the sufficient conditions in 
Theorem [321 To have many examples, let us consider Euclidean spaces M", n > 
2. Now, consider all Calderon-Zygmund operators T such that T*l = 0. As 
the closure of T(i/^(R")) is a proper subset of if^(R"), by the Hahn-Banach 
theorem (note that i?MO(M") is the dual of if^(]R")), one may take b a non- 
constant i?MO-function such that J^^ bTadx = for all if^-atoms a, i.e. 
T*b = 0, and thus b and T satisfy the sufficient condition in Theorem 13. 6[ 

4. The class /C and four bilinear operators on iJ^(R") x BMO{W) 

4.1. The class /C. The purpose of this subsection is to give some examples 
of operators in the class JC. More precisely, the class /C contains almost all 
important operators in Harmonic analysis: Calderon-Zygmund type operators, 
strongly singular integral operators, multiplier operators, pseudo-differential 
operators with symbols in the Hormander class S'^g with < g < 1,0 < 
S < l,m < — n((l — g)/2 + max{0, {6 — g)/2}) (see [2^ ilj), maximal type 
operators, the area integral operator of Lusin, Littlewood-Paley type operators, 
Marcinkiewicz operators, maximal Bochner-Riesz operators with 6 > {n — 
l)/2 (cf. [21]), etc... It is well-known that these operators T are bounded from 
H'^(R'') into Li(M"). So, in order to estabhsh that these ones are in the class 
/C, we just need to show that 



for all i?MO-function b, if^-atom a related to a cube Q = Q[xo,r] with con- 
stant C > independent of b, a. 

Observe that the nontangential grand maximal operator VJt belongs to /C 
since it satisfies Inequality (14. ip (cf. |1Q]). We refer also to [20j for the (sub- 
linear) commutators [b, M^,a\ of the maximal operators M^^q, -note that M<^^o 
lies in /C-. 

Here we just give the proofs for Calderon-Zygmund operators (linear oper- 
ators) and the area integral operator of Lusin (sublinear operator). For the 
other operators, we leave the proofs to the interested reader. 

First recall that P{x) = (;^^|^|2)(7i+i)/2 is the Poisson kernel and Uf{x,t) := 
f * Pt{x) is the Poisson integral of /. Then the area integral operator S of 
Lusin is defined by 



(4.1) 



\\{b-bQ)Ta\\L^<C\\b\\BMO 




\ 



1/2 
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where r(x) is the cone {{y,t) G W^'^ : |?/ — x| < t} with vertex at x, while 
Vm/ = {duf/dxi,...,duf/dxi,duf/dt) is the gradient of Uf on W^~^^ = x 
(0,oo). 

Proposition 4.1. Let 6 G (0, 1] and T be a 5-Calder6n-Zygmund operator. 
Then T satisfies Inequality (RTTl), and thus T belongs to fC. 



Proof. We cut the integral oi\{h—hQ)Ta\ into two parts. By Schwarz inequality 
and the boundedness of T on L^(M"), we have 

1/2 



j \h{x)-hQ\\Ta{x)\dx < C Ij \b{x)-bQ\''dx 

2Q \2Q > 

< C\\b\\BMO 

here one used the fact \b2Q — bql < C\\b\\BMo- Next, for x ^ 2Q, 



a L2 



\Ta{x) 



{K{x,y) - K{x,xo))a{y)dy 







5 


\x — Xq 


n+5 



< C ^ :LM {y)\dy 



< c- 

\X — Xq 



n+S ' 



Therefore, 



\b{x) - bQ\\Ta{x)\dx < C / \b{x) - bq]- — ir^c^a; < C\\b\\ 



\X — Xq 



BMO, 



{2QY Q" 

since the last inequality is classical (cf. [IQ]). This finishes the proof. 



□ 



Corollary 4.1. Let 7^j,J = l,...,n, be the classical Riesz transforms. Then, 
TZj belongs to fC for all j = 1, n. 



Proposition 4.2. The area integral operator S satisfies Inequality ( [^. and 
thus S belongs to /C. 

Proof. We also cut the integral of \{b — bQ)S{a)\ into two parts. By Schwarz 
inequality and the boundedness of S on L^(M"), we have 

1/2 

\bix)-bQ\\Sia){x)\dx < C\ I \b{x)~bQ\^dx] \\a\\L2 



2Q 



< C\\b\\BMO. 
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Next, for x ^ 2Q, by using the equality 



a{z)dz, 




n+l 



X — Xq 



dx < C\\b\\BMO, 



r 



n+l ' 



□ 



We should point out that the Littlewood-Paley type operators can be viewed 
as vector- valued Calderon-Zygmund operators (see [39jj)- See also [20j in the 
context of vector-valued commutators. 

4.2. Four bilinear operators on H^iW^) x BMOiW"). We now consider 
four bilinear operators on iJ^(]R") x BMO{W^) which are fundamental for our 
bilinear decomposition theorem. 

We first state some lemmas whose proofs can be found in [1]. 

Lemma 4.1. The bilinear operator Ha defined on H^iMP') x BMO{W^) by 



is a bounded bilinear operator from H^{W^) x i?MO(R"') into L^(M"). 

Observe that 6(/,^) = -n3(/,^) for all (/,^) G H^iW) x BMO{W). 
Lemma 4.2. The bilinear operator Yi^, defined on H^iW') x BMO{W') by 



the sums being taken over all dyadic cubes J, /' and a,a' ^ E such that {I, a) ^ 
[I' ,o'), is a bounded bilinear operator from H^{W-) x i?MO(R"') into if^(]R"). 

Lemma 4.3. The bilinear operator Hi defined by 



where a is a ip-atom and g G BMO{W^) , can be extended into a bounded 
bilinear operator from i^i(R") x BMO{W) into H^R""). 



I o-e-B 



1,1' a,a'£E 



\i\=\r\ (T&E 
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Lemma 4.4. The bilinear operator II2 defined by 

\I\ = \I'\^&E 

where a is a ip-atom related to the cube R and g G BMO{M"') , can be extended 
into a bounded bilinear operator from H^iW") x 5M(9+(R") into if'°^(]R"). 
Furthermore, we can write 

(4.2) U2{a,g) = h^'^ + Kgnh^''^ 

where Wh^^^Wn'^ < C\\g\\BMo, h^'^^ is an atom related to niR, and n a uniform 
constant, independent of a and g. 

The following remarks are useful in our proofs in Section 6 and Section 7. 

Remark 4.1. (1) If g e 5M0(M") and f e H\R'') such that fg e 
Li(M"), then 

j fgdx = - j G{f,g)dx = Y,Y.^f^ri){9.ri)- 

(2) For any {f,g) G if^(R") x BMO(W) and c a constant, we have 

Ui{f,g) = U,{f,g + c),t = 1,3 A. 

(3) As a consequence of Lemma \4-4\ if 9b. = then Equality /ji4-W gives 
thatU2{a,g) G H\R^). Moreover, \\U2{a, g)\\Hi < C\\g\\BMO- 

In [1], the authors have shown the following decomposition theorem for the 
product space ifi(M") x SMO(M"). 

Theorem 4.1 (Decomposition theorem) . Let f G H\W^) and g G 5M0(M"). 
Then, we have the following decomposition 

fg = n,if,g) + U2if,g) + Usif^g) + Mf^g), 

that is 

fg = U,if,g) + U2{f,g) + U,{f,g) - &{f,g). 

5. The space Hl{W) 

Let 6 be a non-constant i?MO-function. In this section, we study the space 
if^(R"). In particular, we give some characterizations of the space Hl{W^) 
(see Theorem 15 .ip . and the comparison with the space 'H\{W') of Perez (see 
Theorem 15.21) . 

First, let us consider the class /C of all T G /C such that T characterizes the 
space H^{W), that means / G H^{W) if and only if T/ G L^{W). Clearly, the 
class /C contain the maximal operator OJt, the area integral operator S of Lusin, 
the Littlewood-Paley ^f-operator (see 115] )> the Littlewood-Paley (yf^-operator 
with A > 3n (see [IS]), etc... 
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Here and in what follows, the symbol f ^ g means that C^^f < g < Cf for 
some constant C > 0. We obtain the following characterization of Hl{W^). 

Theorem 5.1. Let b be a non- constant BMO-function and T & K,. For 

f G H^(R"'), the following conditions are equivalent: 

z)feHl{W). 

It) e{f,b) e //^(M"). 

m; [b,nj]{f) e for all j = l,...,n. 

iv) [b,T]{f)eL\W). 

Furthermore, if one of these conditions is satisfied, then 

wfWHi = \\f\\mmBMo + mmif)\w 

^ \\f\\H4b\\BMo + \mfMm 

n 

^ \\f\\HA\b\\BMO+\\[b,T]{f)\\Lr, 

where the constants are independent of f and b. 

Remark 5.1. Theorem \3.3\ and Theorem 15. 1\ give that [b,T] is bounded from 
Hl{W") to L^lM."') for every T a C alder on- Zygmund singular integral operator. 
Furthermore, Hl{W^) is the largest space having this property. 

Proof of Theorem \5.1[ (i) {ii) By Theorem 13. there exists a bounded 
subbilinear operator ^ : H^{W) x 5M0(M") ^ L^(R'') such that 

miGif,b))-D\if,b) < \[b,m]if)\ <nf,b) + Tli&if,b)). 

Consequently, 6(/,6) G H\W) if and only if [b,m]{f) e L\W). Moreover, 

\\f\\Hl^\\f\\H4b\\BMO + \\&{f,b)\\m- 

{a) {Hi). By Theorem 13. 2^ there exist n bounded bilinear operators 
$Kj- : H\W) X BMO{W) L\W), j = 1, ...,n, such that 

[6,7^,](/) = 0^,(/,6)+7^,(6(/,6)). 

Consequently, 6(/,6) G H\W) if and only if [&,7^J](/) G ^^(M'^) for all 
j = l,...,n. Moreover, 

n 

||/||//i||&bMO + ||6(/,&)b^^ ||/||^/l||&bMO + 5^||[&,7^,](/)|Ul. 

i=i 

(ii) 4^ (iv). By Theorem 13.11 there exists a bounded subbilinear operator 
m : H\W) X BMO{W) L\W) such that 

\T{&{f,b))\-m{f,b) < \[b,T]{f)\ < D\{f,b) + |T(6(/,6))|. 
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Consequently, ©(/, b) E H\W) if and only if [b, T]{f) E ^^(R") since T E )C. 
Moreover, 

\\f\\HmBAIO+\\G{fMm^\\f\\H4b\\BMO + mT]{f)\\LU 

□ 

Remark that the constants in the last equivalence depend on T. 
The following lemma is an immediate corollary of the weak convergence 
theorem in H^(R"') of Jones and Journe. See also [T^ in the setting of h^{M."'). 

Lemma 5.1. Let {fk}k>i be a bounded sequence in H^(R"') (resp., in h'^{W"')) 
such that fk tends to f m ^^(M"). Then f in H\W) (resp., m h^{W)), and 

WfWm < lim WfkWm {resp., < lim ||/a:|Ui). 

fc— ^-oo fc— >oo 

Theorem 5.2. Let b be a non- constant B MO -function and 1 < g < oo. Then, 
?{^''^(M") C //^(M") and the inclusion is continuous. 

Proof. Let a be a (g, 6)-atom related to the cube Q. We first prove that {b—bQ)a 
is C||6||BAfo times a classical (g + l)/2-atom. One has supp {b — bQ)a C 
supp a C Q and J^„{b{x) — bQ)a{x)dx = J^„ b{x)a{x)dx — bq a{x)dx = 0. 
Moreover, by Holder inequality and John-Nirenberg inequality, we get 

||(6-6Q)a||^(j+,)/. < \\ib-bQ)xQhm^^m^-M\L^ < C||fe||BMo|Q|(-™^+'\ 

where g = gifl <g<oo, g = 2ifg = oo, and C > is independent 
of b,a. Hence, (6 — bQ)a is C||6||bj\/o times a classical (g + l)/2-atom, and 

\\{b-bQ)a\\m<C\\b\\BMo- 
We now prove that 6 (a, b) belongs to H^. 

By Theorem 13. 2 [ there exist n bounded bilinear operators : H^(R"') x 
SMO(M") j = 1, ...,n, such that 

[6,7^J](a) = Dlj{a,b)+TZj{e{a,b)), 

since TZj is linear and belongs to /C (see Corollary 14. ip . Consequently, for all 
j = 1, n, as TZj E /C, 

||7^,(6(a,6))|Ul = \\(b-bQ)n,ia)-n,i{b-bQ)a)-^,ia,b)Ui 

< \\ib-bQ)njia)\\Li + ||7^,||i/l^Ll||((6-6Q)a)||Hl + ||^,(a, 

< C\\b\\BMO- 

This proves that &{a,b) E H^{M."-) since ||6(a,6)||ii < C||6||smO) and more- 
over that 

(5.1) ||©(a, 6)11^,1 <C||6||bmo. 

Now, for any / E 'H^'''(]R"), there exists an expansion / = Xl^i -^i^ 
where the a/s are (g, 6)-atoms and YlJLi ^ 2||/||^i,9. Then the sequence 
{Yl'j=i ^j(^j}k>i converges to / in 'H^'^(R"') and thus in H^{R"-). Hence, Lemma 
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14.11 implies that the sequence |(5 ^ ^^^^^ AjOj, foj | converges to &{f,b) 
L^{W). In addition, by f l53]) . 



m 



6(5^A,a,,6)||^^ <5^|A,|||6(a„6)||Hi <C||/||^m||6||ba.o. 



i=i i=i 



We then use Lemma EH] to conclude that &{f,b) G H^iMJ^), and thus / G 
i^j^(M") (see Theorem I5.ip . Moreover, 

|m < C{\\f\\H4b\\BMO + \mf,b)\\H^) 



'-b 

k 



< C'(||/||^m||6||bmo+ lim I© ( V A,a,-, 6 

< C||/||^Ml|6bMo, 

which ends the proof. □ 

From Theorem 13.31 and Theorem 15. Ij we get the following corollary. 

Corollary 5.1. Let b be a B MO -function, T G /C and 1 < g < oo. Then the 
linear commutator [b,T] maps continuously 'HI''^{M."') into L^iJS."'). 

6. Proof of Theorem 13. 1L Theorem 13.21 Theorem 13.31 

In order to prove the decomposition theorems (Theorem 13.21 and Theorem 
13. ip . we need the following two lemmas. 

Lemma 6.1. Let T G /C and a be a classical H^-atom related to the cube mQ. 
Then, there exists a positive constant C = C{m) such that 

\\{9-9Q)Ta\\Li<C\\g\\BAw, for allgeBMO{W). 

Proof. Since T E )C and since \gQ — gmql < C{rn)\\g\\BMO, we have 

11(5' - 9Q)Ta\\Li < C{m)\\g\\BMo\\Ta\\Li + 11(5- - g,nQ)Ta\\Li < C||5(||ijMO- 

□ 

Lemma 6.2. The norms || ■ and \\ ■ are equivalent on i7g^(]R"). 

We point out that in the proof below we use the results and notations of 
Theorem 5.12 of [21]. Even though the proofs in [21] are in the one-dimensional 
case, they can be easily carried out in higher dimension as well. 

The proof of LemmaWM Obviously, Hl^{W) C H^{W) and for all / G Hl^{W), 
we have < C'H/H/^i . We now have to show that there exists a constant 

C > such that for all / G Hl^{W), 

\\f\\Hl<C\\f\\m. 
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By homogeneity, we can assume that = 1- We write / = J2j'=i ^j^j^ 

where the a^-'s are i/^-atoms related to the cubes i?/s. Since / G L^(M"') fl 
if^(M"), there exists a ■^-atomic decomposition (see [21], Theorem 5.12) 

where YlicJ^ i^Bk '^aesify'^i)'^! ~ ^{k,i)ak,i with ak,i ■?/'-atoms related to the 
cubes mil and 

(6.1) 5^5^|A(fc,.)|<C||/||^.=a 

We note that supp a^^j C U^i "^-Rj for all G Z, i G A^. Recall that 

1/2 



= (EEEi</.«>ivi-': 



1/2 



^ 1/^ ,^\l9l-rl--^ 

Xi 

j = l ICRj ct€E 

and = {x G M" : W^/(x) > 2^} for any k e Z. Clearly, supp W^/ C 
Ufli ^Rj- So, there exists a cube Q such that flk C supp W^/ C U^i C 
Q for all G Z. We now denote by k' the largest integer k such that 2^ < 
Then, we define the functions g and £ by 

9 = Ee( E E -d^=EE( E E (/.«)« 

Obviously, f = g + i, moreover, supp g C Q and supp £ C Q. On the other 
hand, it follows from Theorem 5.12 of [H] that J2ici\ leBk So-gs !(/> V"?)!^ — 
C2'^^\IinQk\- Hence, as the dyadic cubes are disjoint (see also [21]), we get 

Mh < cEE E Ek/.'^'?)!' 

k<k'i&Ak icil,iel3k "'^^ 

k<k' iGAk k<k' 

< C2-"''\Q\<C\Q\-\ 

This proves that C^^^'^g is a T/'-atom related to the cube Q. 

Now, for any positive integer set Fk = {{k,i) : > /c', |fc| + |i| < K} and 

= E(fc,)GF. (S/c/l,/G5. E.Gi^(/> Observe that since / G ^^(M"), 
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the series ^^,^^./ ^jg^^ {^^iicJi i&Bk'^aeE^f ^^'i^^'i^ converges in Z;^(]R"). So, 
for any £ > 0, if i^' is large enough, — is a -i/^-atom related to the cube 
Q. Therefore, f = g + + {^~ ^k) is a finite linear combination of atoms for 
/, and thus 

Hi < C{\\g\\Hi ^UkWhI + ¥-tK\\Hl ) 



by fl6.ip . It ends the proof. 



□ 



Proof of Theorem \3.1i We define the subbilinear operator 9^ by 



+ \T{U^{f,b)){x)\ + \T{U,{f,b)){x) 



5n(/,6)(x):= T(bix)fi-)-U2if,b)i-) 
for all G H\W) x fiAfO(M"). Then, by Theorem HH we obtain that 

\T{&{f,b))\-m{f,b) < |[6,r](/)| < m{f,b) + |t(6(/,6))|. 

By Lemma 14.11 Lemma 14.21 and Lemma 14. 3[ it is sufficient to show that the 
subbilinear operator 



il(/,6)(x):= T{bix)fi-)-Mf,b){- 



X 



is bounded from H\W^) x BMOiW) into ^^(R"). 

We first consider b G -BMO(]R") and / a ip-aXom related to the cube Q. 
Then, by Remark 14.11 we have 

ii{f,b){x)=lX{f,b-bQ){x) < mx)-bQ)Tf{x)\ + \T{U,{f,b-bQ)){x)\. 

Consequently, by Remark l4.lt Lemma W/U and the fact f is C times a classical 
atom related to the cube mQ, we obtain that 

(6.2) < \\ib-bQ)TfU^ + \\T\\H^^L4Mf,b-bQ)\\m < C\\b\\BMo, 

where C > independent of f,b. 

Now, let b G BMO{W) and / G Hl^{W). By Lemma K2[ there exists a 
finite decomposition / = Yl'j=i^j^j such that X]j=i l-^il — Conse- 
quently, by (16.21) . we obtain that 

k 

||il(/,&)IUi <5^|A,|||il(a„6)|Ux <C||/bi||6||BMO, 



which ends the proof as ifg^(M") is dense in if^(M") for the norm || ■ 



□ 
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Proof of Theorem We define the bilinear operator £H by 

b) = {hTf - T(n2(/, 6))) - T(ni(/, h) + n4(/, 6)), 

for all G x BMOiW). Then, it follows from Theorem O and 

the proof of Theorem 13.11 that 

[6,T](/) = 5K(/,6)+T(6(/,6)), 

where the bilinear operator d\ is bounded from if^(M") x BMO{W^) into 
L^(M"). This completes the proof. 

□ 

Proof of Theorem \3.3[ Theorem 13.31 is an immediate corollary of Theorem 13.11 
and Theorem 15.11 □ 

7. Proof of Theorem 13.41 Theorem 13.51 and Theorem 13.61 
First we recall the following well-known result. 

Theorem A. (see [8] or [H]) Let T be a Calderon-Zygmund operator satisfy- 
ing Tl = T*l = 0, 1 < g < oo and l/p + l/q = 1. Then, fTg-gT*f e H^R"") 
for all / e LP{W), g G L«(M"). 

Now, in order to prove the bilinear type estimates and the Hardy type 
theorems for the commutators of Calderon-Zygmund operators, we need the 
following three technical lemmas. 

Lemma 7.1. Let 6 G (0,1], and A,B be two 6-Calderdn-Zygmund operators 
such that Al = A*l = Bl = B*l = 0. Then, there exists a constant C = 
C{n, 6) such that 

E E \{f^^i){9,^f'){A^h^f''){B^f',^f''')\<C\\f\\H49h 

I,r,I" a,cr',a"£E 

for all f G H\W),g G BMO{W). 

Lemma 7.2. Let 6 G (0, 1], and Ai,Bi, i = 1, ■■■,K, be 6-Calderdn-Zygmund 
operators satisfying A^l = A*l = Bil = B*l = 0, and for every f and g in 
L2(M"), 

Then, the bilinear operator^, defined by *p(/, gf) = J2f=i^iAif^ ^id) > fno-ps 
continuously H^iW) x BMOiW) into H\W). 

Corollary 7.1. Let T be a Calderon-Zygmund operator satisfying Tl = T*l = 
0. Then the bilinear operator'^, defined by ^{f,g) = &{Tf,g) — @{f,T*g), 
maps continuously H^{W) x BMO{W) into H\R"). 
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Lemma 7.3. Let b be a non- constant BMO-function and T be a Calderdn- 
Zygmund operator with Tl = T*l = 0. Assume that f G has the 

wavelet decomposition f = Xljli Xl/cKj ^o-g£(/' "^z)"^/ where the Rj's are 
dyadic cubes and Xl/cRj So-gs(/' V^/)"^/ multiples of ip- atoms related to 
the cubes Rj. Set fk = EJ=i E/cR, EaGi=;(/' ^/ k = 1,2,... Then, the 
sequence {[b,T]{fk)}k>i tends to [b,T]{f) in the sense of distributions S'(R"'). 

Proof of Lemma \7. 1\ We first remark (see [36], Proposition 1) that there exists 
a constant C > such that for all dyadic cubes /, /' and a, a' G we have 
(7.1) 

/ 2~-' -)- 2~-'' \ "+'5 

max{|(A^7,^7;)|, \{Bri.rr)\} < C2-l^-/l(^+n/2) Q_^^^_^^+ _ 

Consequently, 

(7.2) m^^{\{Ari,rv)\A{Bri,rv)\} < cps{i,n 

with 

Psil,!') 



Here |J| = 2"-'" and |/'| = 2^-''", while xj and x// denote the centers of the two 
cubes. On the other hand, it follows from Lemma 1.3 in [Hj that there exists 
a constant C = C{n,6) > such that 

(7.3) J2P^{I,I")ps{I',I")<Cps{I,n. 

I" 

Combining (17.21) and (17.31) . we obtain 

I,I',I" a,a',a"&E I,I'a,a'(^E 

It is easy to establish that the matrix {ps{I, is almost diagonal (by 

taking e = 6/4 in the definition (3.1) of Frazier and Jawerth [TB]) and thus is 

bounded on /{''^ the space of all sequences (a/)/ such that ^ \ai\'^\I\~^xi^ 

is in //^(R"). We then use the wavelet characterization of if^(]R") (see Theorem 
1211) and the fact that (cf. [16]) 

E E < C\\h\\H49\\BMO, 

I' a'&E 

for all h G H^iW), to conclude that 

E E \u,ri){9.rv){Ari,rv'){Brr,rr')\<c^^^^^^ 

I,r,I" a,(T',a"&E 

□ 
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Proof of Lemma [V.^ By Lemma 17.1^ we have 



K 



1=1 

K 

i=l I,r,I" a,a',a"£E 

where all the series converge in For any dyadic cubes /, /', a, a' G E, 

we have 

K 

EE E {f,ri){g,ri'){A.-,ri.ri'''){B,rv.rv^ 

i=l /" a"&E 
K 

i=l I" cr"eE 

since (see Remark 14.11) 

K r ^ 

EEE(^^^^"'^^"'')<^^^/'''^/"^') = / (E^^^?-^^^^'')'^'' = °- 

i=l I" a"GE i=l 

An explicit computation gives that \ipf,',\'^ - I^Jp is in H^(W^), with 

m''\'' - Wl'Wm < C (log(2-^' + 2-^")-' + \ogi\xj - xj.\ + 2'^ + 2-^'")) . 

Here |J| = 2--'" and |/"| = 2"^' while xj and xj" denote the centers of the 
two cubes. Consequently, by (17.11) and (17. 3p . we get 



K 

EE E(/'^/)(^'^?')(^^^/^^^"'')(^^^/''^/"'')(^^^^ ^1 



1=1 /" a"eE 
K 

^ EE E \{f.ri){g,rr){A,ri.rr:){B.rr.rr:^^^^^ 

i=l I" cr"&E 

K 

^ ^EE E \(f^^i){9,^i')\ps{i,nps{i',n 

i=l I" a"£E 

< cps{i,n\{f,m\{9,<')i 

here we used the fact that 
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Thus, the same argument as in the proof of Lemma mi allows to conclude that 

1,1' a,a'eE 
< C'II/I|//i||5'I|bMO, 

which ends the proof. 

□ 

Before giving the proof of Lemma I7.3[ let us recall the following lemma. It 
can be found in [T7]. 

Lemma A. (see [17], Lemma 2.3) Let T be a Calderon-Zygmund operator 
satisfying Tl = 0. Then T maps iS(M") into L°°(M"). Moreover, there exists a 
constant C > 0, depending only on T, such that for any (p G iS(]R") with supp 
C B{xo, r), we have 

||T(/.|Uoo <C(||</>lUoo+r|||V(/.||Uoo). 
Proof of Lemma \7.!J[ By Theorem 13. 2^ it is sufficient to prove that 

lim [ T{e{fk,b))hdx = [ T{e{f,b))hdx, 

fc— >oo J J 

for all h G iS(M"'). Because of the hypothesis, we observe that ©(/, b) G iJ^(M"') 
and e{fk,b) G L«(M"), k = 1,2,..., for some q G (1,2) (see Lemma E]). 

Let &{f,b) = YlJLi^j^^j be a classical L'^-atomic decomposition of &{f,b). 
Then, Ti^'^j^^Xjaj) tends to T(©(/,6)) in L\W) (in fact, it also holds in 

H\W) since T*l = 0). Hence, as h e S{W) C L°°(M") n L«'(M") where 
1/q + 1/q' = 1, e{fk,b),aj G L«(M'^) and T*h G L°°(M") since T*l = (see 
Lemma A), by Theorem A we get 



/rt rt A> 

T{G{f,b))hdx = \im I Ti^^X^a^hdx = Yim / (^^X^a^T 

M» R" -^'^-^ R" ^^"^ 

G{f,b)T*hdx= lim / &{fk,b)T*hdx 

fc— >oo J 

lim /" T{G{fk,b))hdx, 



hdx 



since 6(/fe,&) tends to 6(/,6) in ^^(R") as fk tends to / in H\W^) (see 
Theorem 13.21) . This finishes the proof. 

□ 
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Proof of Theorem\J^ Let {f,g) e H^R"") x 5M0(M"). By TheoremOand 
Lemma we obtain %{f,g) = J2f=i[Bi9^T]{Aif) G -/^-"^(M"), moreover, 



K K 



i=l i=l 

K K 

i=l i=l 
< C\\f\\H49\\BMO- 



This completes the proof. 

□ 



Proof of TheoremlKE Let / G Hl{W), we prove [b,T]{f) G h\W) using the 
fact that BMO^^^iW) is the dual of //^"^(M") (see [23j). Indeed, by Theo- 
rem [221 there exists a decomposition / = J^JLi J2icRj '^aesif^'^i)'^! where 
^icR '^aeEify'^'i)'^! multiples of ■j/'-atoms related to the dyadic cubes 



Rj. Set fk = Ei=iE/ci?, Eae£;(/'^?)^?' ^ = 1'2, ... Then, the sequence 
[6, T](/fc) tends to [6, T](/) in the sense of distributions 5'(]R") (see Lemma 
I7.3p . and thus 



(7.4) hm / [b,T]{fk)hdx = [ [b,T]{f)hdx, 



for all h G Co"^(M"). Notice that [h,T]{fk) G L'^{W) and [h,T]{f) G 
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Let h e C^(M"). By Lemma Lemma |331 Lemma |131 Remark |0 and 
Corollaryim we have hT{fk)- fk{T*h-{T*h)^ e if'°s(M"). More precisely, 



hT{h)-h(T*h-{T*h), 
< ci^\\G{T{fk),h)-e(^U,T*h-{T*h), 

+ {\mnfk),h)\\H^ + \\u,(^h,T*h - {T*h\ 



+ 



+ ||n2(T(/fc),/i)||Hiog + \\u2(^h,T*h-{T*h) 



< C{\\f4H4h\\BAio + \\Tifk)\\m\\h\\BMo + \\fk\\m T*h-{n) 



BMO 



+ 



+ \\T{fk)\\HA\h\\ BMO+ BMO^ 

BMO hmoi 



here one used e(f,T*h - {T*h)^ = &{f,T*h), \\T*h - (T*/i)q||bmo+ = 

1 1 7"* /i 1 1 BMO and ||/fe||_f/i < C II /II //I. As the L^- functions fk have compact sup- 
port, b e 5M0^°s(R'^) C BMOiW), we deduce that bhT{fk), hT{bfk), bfkT*h G 
L\R^). Moreover, J^„hT{bfk)dx = J^„bfkT*hdx since hT{bfk)-bfkT*h e 
H^R"") (see Theorem A). Therefore, as BMO^°^{W) is the dual of i/'°g(M") 
we get 



see 



[b,T]{fk)hdx 



b{hT{h) - fkT*h)dx 



< 



j b (hT{fk) - fk(T*h - (T*/i)q)) dx 



+ \{T*h), 



bfkdx 



< q|fe||BAfo.o.||/^n/fc)-/fc(r*/^-(r*%)||^,„^ + l(T*%| Jbf, 



< C||6bAfo.o.||/l|//^l|/^lkmo + |(T*/i)Q||5^5^ 

j=l ICRj aeE 
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The above inequality and f l7.4p imply that for all h G C^(]R"'), we obtain 

<C||6||RMniog 11/11 mll/l 



bmo 

since &{f,b) G i/^(M") (see Theorem 15. ip and thus (see Remark 14. ip 

ii^E E J2^f.^i){b,^J) = j e{f,b)dx = 0. 

j=l IcRj aeE ^„ 

This proves that [b,T]{f) G h\W) since /ii(M") is the dual of vmo{W) (see 
Section 2). Furthermore, 



|[6,T](/)||,. <C||6|| 

BMOi°s 11/ II 

<C||6|| 



\bmo 



which ends the proof of Theorem 13.51 



□ 



Proof of Theorem \3.b\ By Theorem 13 . 2 1 and Theorem 15.1 [ together with Lemma 
14.21 and Lemma 14. 3[ it is sufficient to prove that the linear operator 

/h^it(/,6) :=6T/-T(n2(/,6)) 

is bounded from i/^(M") into itself. Similarly to the proof of Theorem l3.lt we 
first consider / a tp-aXoTn related to the cube Q = Q[xo,r] and note that 

(7.5) lt(/, b) = il(/, 6 - 6q) = (6 - bQ)Tf - T(n2(/, b - bQ)). 

Let e G (0, 1), recall that (see |1T]) g is an e-molecule for H^{W^) centered 
at yo if 

j g{x)dx = and ||(?||i{'||(?| ■ -yo|'"1li{' =: ^(^?) < oo, 

where q = — e). It is well known that if g is an e-molecule for i/^(]R") 
centered at yo, then g G //^(M") and 11(711;^! < C^{g) where C > depends 
only on n, e. 

We now prove that {b — bQ)Tf is an e-molecule for i/^(]R") centered at 
Xo when T is a 5-Calder6n-Zygmund operator for some 5 G (0, 1] and e = 
5 /{An) < 1/2. Note first that / is C times a classical L^-atom related to the 
cube mQ. It is clear that /]g„(& — bQ)Tfdx = since T*l = T*6 = 0. As 
q = 1/(1 — £:) < 2, the fact |6q — b2mQ\ < C'||&||ba/o together with Holder 
inequality and John-Nirenberg inequality, give 

(7.6) \\{b-bQ)Tf.X2mQ\\L.<C\Q\'/^-'\\b\\BMO. 
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It is well-known that \Tf{x)\ < C ^^_^l^n+s , for all x G {2mQY, since T is a 
5-Calder6n-Zygmund operator. Hence 

f / T \ 1 

\\{h-hQ)Tf.X(2mQ)4L^ < C 



\2rnQY 

The last inequality, which can be found in [IQ], is classical. Combining this 
and (17.61) . we obtain 

(7.7) \\{h-hQ)Tf\\L.<C\Q\"'^-4h\\BMo. 
Similarly, we also have 

\\{h-hQ)Tf.\ ■ -Xo\''''.X2mQ\\L. < C\Q\'^^'/^-'\\b\\BMO 



and as 2ne = 6/2, 



( 



I \b-bQ\''[- 



X - xo|"+'^/2 



dx 



||(6-6Q)r/.|--xor"^X(2™Q)c|U. < c 

\2mQ) 

< C\Q\'^^'/'^-'\\b\\BMO. 

Consequently, 

||(6-6q)T/.| ■ -xol'niL. < C\Q\'^+'/'^-'\\b\\BMo. 

Combining this and (17.71) . we get (6 — bQ)Tf is an e-molecule for if^(]R") 
centered at Xq, moreover, 

nib - bQ)Tf) < cigr+i/^-ifebA/o < c\\b\\BMo, 

since q = — e). Thus, by (17. 5p and Remark [4. 

(7.8) mf,b)\\H^<Cm{{b-bQ)Tf) + \\T{U,{f,b-bQmH^<C\\b\\BMO. 

Now, let us consider / G iJgj^(M"). By Lemma 16.21 there exists a finite 
decomposition / = J2j=i^j^j ^'^ch that J2j=i l-^jl — Consequently, 
by (17. 8p . we obtain that 

k 

\\m,b)\\m<J2\^,\\m^^,b)\\H^<C\\f\\H4b\\BMo, 
i=i 

which ends the proof as ifgjj(M") is dense in H^{W^) for the norm || ■ 

□ 
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8. Commutators of Fractional integrals 
Given < a < n, the fractional integral operator 1^ is defined by 

IJ[x) = I , ^^^^ dy. 

Let 6 be a locally integrable function. We consider the linear commutator 
[6, Ia\ defined by 

[hJa\U) = bU-Uhf). 
We end this article by presenting some results related to commutators of 
fractional integrals as follows. 

Theorem 8.1. Let < a < n. There exist a hounded bilinear operator 9^ : 
H^{W) X BMO{W) L"/("-")(M'^) and a bounded bilinear operator 6 : 
H\W') X BMO{W') L^{W) such that 

[b,mf) = D\{f,b) + ue{f,b)). 

Corollary 8.1. Let < a < n and b G BMO{W^) . Then, the linear commu- 
tator [b, la] maps continuously H^{W^) into weak-L"'^^"-~°'\W^) . 

Theorem 8.2. Let < a < n, b E BMO(W), and I < q < oo. Then, the 
linear commutator [b, la] maps continuously if^(]R") into L"/*^"^")(]R"). 

The results above can be proved similarly to Theorem 13.21 and Theorem 
13.31 We leave the proofs to the interested readers. When Hl{W^) is replaced 
by ^^^(IR"), Theorem 18.21 was considered by the authors in [L3\. There, they 
proved that 

sup{ II [6, Jq,] (a) II j;^n/(n-(i) ! o Is a (oo,6)— atom} < oo. 

However, as pointed out before, this argument does not suffice to conclude 
that [b,Ia] is bounded from into 
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